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We reexamine the general solution of a Schro¨dinger equation in the presence of a time-dependent
linear potential in configuration space based on the Lewis-Riesenfeld framework. For comparison, we
also solve the problem in momentum space and then Fourier transform the solution to get the general
wave function. Appropriately choosing the weight function in the latter method, we can obtain the
same wave function as the former method. It is found that non-Hermitian time-dependent linear
invariant can be used to obtain Gaussian-type wave-packet (GTWP) solutions of the time-dependent
system. This operator is a specific linear combination of the initial momentum and initial position
operators. This fact indicates that the constants of integration such as the initial position and
initial momentum that determine the classical motion play important roles in the time-dependent
quantum system. The eigenfunction of the linear invariant is interpreted as a wave packet with a
“center of mass” moving along the classical trajectory, while the ratio between the coefficients of
the initial position and initial momentum determines the width of the wave packet.
PACS numbers: 03.65.Ge, 03.65.Fd
Introduction.—The study of time-dependent systems
has been a growing field not only for its fundamen-
tal physical perspective but also for its applicability,
such as quantum transport [1, 2, 3], quantum op-
tics [4, 5, 6], quantum information [7, 8], and spintron-
ics [9, 10, 11]. Recently, there has been attracted atten-
tion of physicists in the analytical solutions of the one-
dimensional Schro¨dinger equation with a time-dependent
linear potential [12, 13, 14, 15]. First, Guedes solved
the wave function for a Schro¨dinger equation with a
time-dependent linear potential [12], using the Lewis-
Riesennfeld (LR) method [16, 17]. Later on, Feng [13]
found the plane-wave-type and the Airy-packet solutions
using a space-time transformation method. However,
Bekkar et al. pointed out that the Airy-packet solution
is in fact only a superposition of the plane-wave-type so-
lution [14]. Moreover, Bauer [15] showed that the so-
lution proposed by Ref. 12 is only a special case of the
so-called Volkov solution with a zero wave vector k. He
also showed how to do the gauge transformation appro-
priately to the time-dependent Schro¨dinger equation to
get the different expressions of the Hamiltonian and the
corresponding Volkov solution.
Besides the solutions described above, we shall show
that the linear invariant can be non-Hermitian. As such,
a GTWP solution is then derived naturally based on the
LR approach. This solution was ruled out in previous
studies because the linear LR invariant Iˆ(t) as a Her-
mitian operator had been assumed [12, 13, 14, 15]. Al-
though in Ref. 14 the authors pointed out the incorrect-
ness of setting B = 0 in Refs.12, the Hermiticity assump-
tion still led them to the conclusion of B = 0, which they
commented as “a constraint that must be taken to get
physical solutions.” This assumption, however, is actu-
ally unnecessary.
The main results of this report are as follows. First,
we show that the GTWP solution is derived using a
non-Hermitian linear LR invariant. Second, we solve
the Schro¨dinger equation in momentum space and then
transform back to the coordinate space to obtain a gen-
eral wave function solution. Third, we present a physi-
cal interpretation to the LR invariant for the realization
of constructing an invariant and the selection of an ap-
propriate space-time transformation to find the general
solution.
Schro¨dinger equation for describing the motion of a
particle in the presence of a time-dependent linear po-
tential is of the form
ih¯
∂ψ
∂t
= Hˆψ , (1)
where the Hamiltonian Hˆ(t) is induced by an external
time-dependent driving force F (t), given by
Hˆ(t) =
pˆ2
2m
− F (t)xˆ, (2)
This time-dependent dynamical problem could be solved
in either configuration or momentum space.
Configuration space.—To utilize the LR method [17]
solving the time-dependent system, one should firstly find
an operator Iˆ(t) such that
ih¯
dIˆ
dt
= ih¯
∂Iˆ
∂t
+ [Iˆ , Hˆ] = 0, , (3)
and then find its eigenfunction ϕλ(x, t) satisfying
Iˆ(t)ϕλ(x, t) = λϕλ(x, t), (4)
with λ being the corresponding eigenvalue. The general
wave function ψ(x, t) is then written as
ψ(x, t) =
∫
dλ g(λ)ψλ(x, t), (5)
2where g(λ) is a weight function for λ.
The wave function ψλ(x, t) in Eq. (5) is related to
ϕλ(x, t),
ψλ(x, t) = e
iαλ(t) ϕλ(x, t) , (6)
where α(t) is a function of time only, satisfying
α˙λ = ϕ
−1
λ (i∂/∂t− Hˆ/h¯)ϕλ. (7)
We note that the integration in Eq. (5) includes, in gen-
eral, all possible degeneracies of λ. It turns out that the
time-dependent invariant operator Iˆ(t) takes the linear
form [12]
Iˆ(t) = A(t)pˆ+B(t)xˆ+ C(t) , (8)
in which A(t), B(t), and C(t) are time-dependent c-
number functions to be determined.
The operators describing the equations of motion are
given by
dxˆ
dt
=
[xˆ, Hˆ ]
ih¯
=
pˆ
m
, (9)
and
dpˆ
dt
=
[pˆ, Hˆ ]
ih¯
= F (t). (10)
By solving the above two equations, the space and mo-
mentum operators can be obtained in terms of initial
conditions, given by
xˆ(t) = xˆ(0) +
pˆ(0)t+G1(t)
m
(11)
and
pˆ(t) = pˆ(0) +G(t), (12)
where G1(t) and G(t) are defined, respectively, as
G1(t) ≡
∫ t
0
G(τ)dτ (13)
and
G(t) ≡
∫ t
0
F (τ)dτ . (14)
Substituting Eqs. (8), (9), and (10) into Eq. (3), and
solving these operator equations, we get
A(t) = A0 − B0
m
t, B(t) = B0, (15)
C(t) = C0 −A0
∫ t
0
F (τ) dτ +
B0
m
∫ t
0
F (τ)τ dτ
= C0 −A(t)G(t) − B0
m
G1(t), (16)
where A0, B0, and C0 are arbitrary complex constants.
Furthermore, substituting Eqs. (11)–(16) into (8), we find
Iˆ(t) = A0 pˆ(0) +B0 xˆ(0) + C0 = Iˆ(0). (17)
In other words, the invariant Iˆ is precisely the linear com-
bination of the initial momentum pˆ(0) and the initial po-
sition xˆ(0) with an arbitrary constant C0.
For the convenience of later discussion, we define xc(t)
and pc(t) as the expectation value of xˆ(t) and pˆ(t) with
respect to the wave function ψλ(x, t), i.e.,
xc(t) ≡ 〈xˆ(t)〉λ = x0 + p0t+G1(t)
m
, (18)
pc(t) ≡ 〈pˆ(t)〉λ = p0 +G(t) , (19)
where x0 = xc(0) and p0 = pc(0) are, respectively, the
initial position and initial momentum of the correspond-
ing classical problem.
To find a solution of Eq.(1), we have to solve Eq.(4)
first. Note that in Eq.(6) the phase factor eiα(t) is a func-
tion of time only, thus ψλ(x, t) is also an eigenfunction of
Iˆ with the same eigenvalue λ. It turns out that
λ = A(t)pc(t) +B(t)xc(t) + C(t)
= A0 p0 +B0 x0 + C0. (20)
By solving Eq.(4), after some algebra, we find
ϕλ(x, t) = exp
{
i
h¯
[
2 (λ− C(t)) x−B0x2
2A(t)
]}
. (21)
Substituting Eq. (21) into Eq. (7), we obtain
αλ(t) = αλ(0)−
∫ t
0
[
(λ− C(τ))2 + ih¯B0A(τ)
2mh¯A2(τ)
]
dτ. (22)
Here we see that in general α(t) is a complex function.
Using the following identities:
λ− C(t)
A(t)
= pc(t) +
B0
A(t)
xc(t),
d
dt
(B0/A(t)) = B
2
0/(mA
2(t)),
d
dt
x2c(t) =
2
m
pc(t)xc(t), (23)
we finally obtain the general expression of the wave
packet solution
ψλ(x, t) =
eiαλ(0)√
A(t)/A0
exp
[
− i
h¯
∫ t
0
p2c(τ)
2m
dτ
]
× exp
[
− iB0(x− xc(t))
2
2h¯A(t)
+
i
h¯
pc(t)x
]
.(24)
3It is important to note that since the probability den-
sity is of the form
|ψλ(x, t)|2 = e
−2 Im(αλ(0))+Im(F0)
(x−xc(t))
2
h¯ |A(t)/A0|
2
|A(t)/A0| , (25)
where the factor F0 is defined by F0 ≡ B0/A0. It is
crucial to note that F0 must satisfy
Im (F0) ≤ 0 . (26)
to ensure Eq. (24) really providing a physically accept-
able solution. This is a key result of this report.
In case that Im (F0) < 0, the ψλ obtained in Eq. (24)
describes exactly a GTWP with position uncertainty
∆x =
√
h¯
2
(
|A(t)/A0|√
−Im (F0)
)
, (27)
and momentum uncertainty
∆p =
√
h¯
2
(
|F0|√
−Im (F0)
)
, (28)
which lead to the uncertainty relation
∆x∆p =
h¯
2
(∣∣F0 (1−F0 tm)∣∣
−Im (F0)
)
≥ h¯
2
. (29)
The equality holds at t = Re (m/F0). That is, at that
time the position uncertainty of the particle goes to the
minimum.
We can see that, in general, B0 (or F0) is not zero al-
though it is taken to be zero in Ref. 12, 13, 14, 15. In case
that Im(F0) = 0, the result obtained in Eq. (25) enforces
F0 = 0. This means that the solution becomes plane-
wave-like rather than GTWP, otherwise |ψλ|2 becomes
divergent at the moment t = m/F0.
Momentum space.—We now turn to solve the problem
in the momentum space by denoting the wave function as
φ(p, t) and using the substitution x → ih¯ ∂/∂p, we thus
have
ih¯
(
∂
∂t
+ F
∂
∂p
)
φ =
p2
2m
φ. (30)
By changing the momentum and time variables from
(p, t) to (p′, t′):
p′ ≡ p−G(t), t′ ≡ t, (31)
the corresponding differential operators can be trans-
formed to the form
∂
∂p
=
∂
∂p′
,
∂
∂t
=
∂
∂t′
− F (t) ∂
∂p′
. (32)
It turns out that Eq. (30) becomes
ih¯
∂φ
∂t′
=
[p′ +G(t′)]
2
2m
φ, (33)
which yields
φ(p′, t′) = φ0(p
′) exp
{
− i
h¯
∫ t′
0
[p′ +G(τ)]
2
2m
dτ
}
, (34)
or equivalently
φ(p, t) = φ0 [p−G(t)]
× exp
{
− i
h¯
∫ t
0
[p−G(t) +G(τ)]2
2m
dτ
}
.(35)
Here φ0 is an arbitrary single-variable function.
The general solution of the wave function ψ(x, t) can
be obtained by the Fourier transform:
ψ(x, t) =
1√
2pih¯
∫
∞
−∞
φ(p, t) eipx/h¯dp,
=
1√
2pih¯
∫
∞
−∞
φ0(p
′) exp
{
i
h¯
[p′ +G(t)]x
− i
h¯
∫ t
0
[p′ +G(τ)]2
2m
dτ
}
dp′. (36)
Comparison.—We now show that the GTWP solu-
tion Eq. (24) obtained using LR method can also be
obtained from the general solution (36). We consider
the time-dependent wave function φ0(p
′) in momentum
space, given by
φ0(p
′) =
(
2σ2
pih¯2
) 1
4
exp
[
−σ
2(p′ − p0)2
h¯2
− i (p
′ − p0)x0
h¯
]
.
(37)
After some algebra, we obtain the space-time wave func-
tion, given explicitly
φ(p, t) =
(
2σ2
pih¯2
) 1
4
exp
[
− i
h¯
∫ t
0
p2c(τ)
2m
dτ
]
× exp
[
−σ
2(1 + it/T )
h¯2
(p− pc(t))2
]
× exp
[
− i
h¯
(p− pc(t))xc(t)
]
. (38)
Here the paramter
T ≡ 2mσ
2
h¯
(39)
indicates a measure of the spreading time of the GTWP.
Substituting Eq. (37) or Eq. (38) into Eq. (36) and
accomplishing the integration, we get
ψ(x, t) =
1
(2pi)
1
4
√
σ(1 + it/T )
exp
[
− i
h¯
∫ t
0
p2c(τ)
2m
dτ
]
× exp
[
− (x− xc(t))
2
4σ2(1 + it/T )
+
i
h¯
pc(t)x
]
. (40)
4By suitably choosing the initial condition parameters as
eiαλ(0) =
1
(2piσ2)
1
4
,
B0
A0
= − im
T
, (41)
we can see that this wave function is exactly of the form
given by Eq. (24).
Summary.—In this report we have studied the
Schro¨dinger equation with a time-dependent linear po-
tential. We reexamine the linear invariant proposed by
Guedes [12]. We have shown that if we assume this opter-
ator to be a non-Hermitian one, then a GTWP solution
can be obtained. This GTWP has a “centor of mass”
moving along the trajectory of the corresponding classi-
cal particle. The trajectory is determined by the classical
initial position x0 and initial momentum p0. In the cor-
responding quantum problem, xˆ(0) does not commute
with pˆ(0), thus the particle described by a wave function
propotional to the eigenfunction of the linear invariant
operator Iˆ = A0pˆ(0)+B0xˆ(0)+C0 acquires position and
momentum uncertainties, as given by Eqs.(27) and (28),
respectively. The size of the uncertainties are determined
by the ratio F ≡ B0/A0.
On the other hand, we have investigated the time-
dependent system in momentum space. After performing
transformation of variables, the problem becomes exactly
solvable. Moreover, we have presented a specific example
for comparison between these two approaches. Our anal-
ysis has shown that the key of solving the time-dependent
Schro¨dinger equation is to find a way to transform the
problem to a standard form. For a linear time-dependent
case, the standard form is simply a free-particle prob-
lem. It is interesting to note that if we treat the driving
force as a time-dependent gravity, then an observer in the
“free-fall frame” will not be able to feel the gravity. As
a result, the frame effectively becomes an inertial frame.
This provides a physical picture for the transformation
Eq. (31) we have performed.
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